Free axisymmetric and non-axisymmetric vibration analysis of the unsaturated porous functionally graded circular plates has been presented on the basis of classical plate theory. The defined coupled equations of motion for the porous functionally graded circular plate were decoupled based on the properties of the physical neutral surface. The one general solution of the decoupled equation of motion was obtained as linear combinations of the multiparametric special Bessel functions for the functionally graded circular plate with even and uneven porosity distributions. The influences of the even and uneven distributions of porosity, gradient index, diverse boundary conditions and the negligible effect of the coupling in-plane and transverse displacements on the dimensionless frequencies of the circular plate were comprehensively studied. The obtained numerical results show the differences and significant effect of considered types of distributions of porosities, values of the gradient index and the porosity volume fraction on the distribution of eigenfrequencies of the circular plates. Additionally, the obtained multiparametric general solution of the defined differential equation will allow to study the influences of diverse additional complicating effects such as stepped thickness, cracks, additional mounted elements expressed by only additional boundary conditions on the dynamic behavior of the porous functionally graded circular/annular plates. The formulated boundary value problem, the method of solution and the obtained numerical results for the perfect and imperfect functionally graded circular plates have not yet been reported. The present paper fills this void in the literature.
Introduction
Functionally graded materials (FGMs) are a class of composite materials, which are made of the ceramic and metal mixture such that the material properties vary continuously in appropriate directions of structural components. In the processes of preparing functionally graded material, micro-voids and porosities may appear inside material in view of the technical issues. Zhu et al. [1] reported that many porosities appear in material during the functionally graded material preparation process by the nonpressure sintering technique. Wattanasakulpong et al. [2] reported that exist many porosities in the intermediate area of the functionally graded material fabricated by utilizing multi-step sequential infiltration technique because of the problem with infiltration of the secondary material into the middle area. In that case less porosities appear in the top and bottom area of material because infiltration of the material is easier in these zones.
In recent years, a significant number of articles about the free vibrations of functionally graded (FGM) plates have appeared in the literature due to their wide applications in many fields of engineering such us civil, mechanical, automotive, aeronautical and ocean engineering. The gradation of properties in functionally graded materials and the diverse distributions of porosity have a significant effect on distributions of the mass and the stiffness of plates and therefore their natural frequencies. The knowledge about influence of distribution of the material properties on dynamics of plates is very important because allows us to predict increasing (decreasing) the frequency of plates and find their optimal parameters. Additionally, the comprehensive investigation of the effect of functionally graded material with porosities and diverse boundary conditions on the natural frequencies of plates is the first important step to design of their safe and rational active vibration control system.
We note that in most engineering applications, the classical plate theory is often used to analysis of the dynamic behavior of thin lightweight plates. It is impossible to review all works focused on mechanical behavior of porous, FGM and porous FGM structures, then we limit to chronological reviewing some of the works focused on mechanical behavior of porous and porous FGM plates that are closely related to our work.
Jabbari et al. [3] studied the buckling of thin saturated porous circular plate with the layers of piezoelectric actuators. Buckling load was obtained for clamped circular plate under uniform radial compressive loading. The same authors presented the buckling analysis of clamped thin saturated porous circular plate with sensor-actuator layers under uniform radial compression [4] . Mojahedin et al. [5] investigated thermal and mechanical stability of clamped thin saturated and unsaturated porous circular plate with piezoelectric actuators. Rad and Shariyat [6] solved to three-dimensional magneto-elastic problem for asymmetric variable thickness porous FGM circular supported on the Kerr elastic foundation using the differential quadrature method and the state space vector technique. Barati et al. [7] studied buckling of functionally graded piezoelectric rectangular plates with porosities based on the four-variable plate theory. Mechab et al. [8] studied free vibration of FGM nanoplate with porosities resting on Winkler and Pasternak elastic foundation based on the two-variable plate theory. Mojahedin et al. [9] analyzed buckling of radially loaded clamped saturated porous circular plates based on higher order shear deformation theory. Wang and Zu [10] analyzed vibration behaviors of thin FGM rectangular plates with porosities and moving in thermal environment using the method of harmonic balance and the Runge-Kutta technique. Gupta and Talha [11] analyzed flexural and vibration response of porous FGM rectangular plates using nonpolynomial higher-order shear and normal deformation theory. Wang and Zu [12] analyzed vibration characteristics of longitudinally moving sigmoid porous FGM plates based on the von Kármán non-linear plate theory. Ebrahimi et al. [13] studied free vibration of smart shear deformable rectangular plates made of porous magneto-electro-elastic functionally graded materials. Feyzi and Khorshidvand [14] studied axisymmetric pos-buckling behavior of a saturated porous circular plate with simply supported and clamped boundary conditions. Wang and Zu [15] studied large-amplitude vibration of thin sigmoid functionally graded plates with porosities. Wang et al. [16] studied vibrations of longitudinally travelling FGM porous thin rectangular plates using the Galerkin method and the four-order Runge-Kutta method. Ebrahimi et al. [17] used a four-variable shear deformation refined plate theory for free vibration analysis of embedded smart rectangular plates made of magneto-electro-elastic porous functionally graded materials. Shahverdi and Barati [18] developed nonlocal strain-gradient elasticity model for vibration analysis of porous FGM nano-scale rectangular plates. Shojaeefard et al. [19] studied free vibration and thermal buckling of micro temperaturedependent FGM porous circular plate using the generalized differential quadrature method. Barati and Shahverdi [20] presented new solution to examine large amplitude vibration of a porous nanoplate resting on a nonlinear elastic foundation modeled by nonlinear the four-variable plate theory. Kiran et al. [21] studied free vibration of porous FGM magneto-electro-elastic skew plates using the finite element formulation. Cong et al. [22] presented analytical approach to buckling and post-buckling behavior analysis of FGM rectangular plates with porosities under thermal and thermomechanical loads based on the Reddy's higher-order shear deformation theory. Kiran and Kattimani [23] studied free vibration and static behavior of porous FGM magneto-electro-elastic rectangular plates using the finite element method. Arshid and Khorshidvand [24] analyzed free vibration of saturated porous FGM circular plates integrated with piezoelectric actuators using the differential quadrature method. Shahsavari et al. [25] used the quasi-3D hyperbolic theory for free vibration of porous FGM rectangular plates resting on Winkler, Pasternak and Kerr foundations.
Present study
The aim of the paper is to formulate and solve the boundary value problem for the free axisymmetric and non-axisymmetric vibrations of FGM circular plates with even and uneven porosity distributions and diverse boundary conditions. The defined coupled equations of motion for the porous FGM circular plate were decoupled based on the properties of physical neutral surface [26] . The general solution of the obtained decoupled equation of motion of porous FGM circular plate was defined as the linear combination of the Bessel functions dependent on the material parameters. The derived multiparametric non-linear characteristic equations have universal forms because they are functionally dependent on the power-law index, the porosity volume fraction, the Young's modulus and the densities of porous functionally graded material. The presented characteristic equations allow us to comprehensively study the effect of the distribution of material parameters and the formulated boundary conditions on the natural frequencies of axisymmetric and non-axisymmetric vibrations of the circular plates without the necessity to solve a new eigenvalue problem for plates with steady distribution of parameters.
Authors of many previous papers (e.g. [27] , [28] , [29] , [30] ) presented the free vibration analysis of the perfect (without porosity) FGM circular plates using the equation of motion including only the coefficient of pure bending stiffness varying in the thickness direction of the plate, but the coefficients of extensional stiffness and bending-extensional coupling stiffness were neglected because the effect of the coupled in-plane and transverse displacements was omitted. As a result, the authors obtained the approximate model of functionally graded material and considered its effect on the natural frequencies of circular plates with the additional complicating effects. In the present paper the obtained equation of motion of the perfect and imperfect FGM circular plates includes the coefficients of extensional stiffness, bending-extensional coupling stiffness and bending stiffness, which appeared by decoupling the in-plane and transverse displacements [31] using the properties of the physical neutral surface. The differences between the values of numerical results for the eigenfrequencies of the perfect FGM circular plate with and without the coupling effect are shown for diverse boundary conditions.
A review of literature shows that there are no studies which focus on the free axisymmetric and non-axisymmetric vibrations of FGM and porous FGM circular plates based on the classical plate theory and the properties of physical neutral surface. In particular, the obtained exact solution, the multiparametric characteristic equations and the calculated eigenfrequencies for the free vibrations of perfect and imperfect FGM circular plates with clamped, simply supported, sliding and free edges have not yet been reported. The present paper fills this void in the literature.
FGM circular plate with porosities
Consider a porous FGM thin circular plate with radius and thickness ℎ presented in the cylindrical coordinate ( , , ) with the z-axis along the longitudinal direction. The geometry and the coordinate system of the considered circular plate are shown in Fig. 1 . The FGM plate contains evenly (e) and unevenly (u) distributed porosities along the plate's thickness direction. The cross-sections of the FGM circular plates with the two various types of distribution of porosities are shown in Fig. 2 . The functionally graded material is a mixture of a ceramic (c) and a metal (m). If the volume fraction of the ceramic part is and the metallic part is , we have the well-known dependence:
Based on the modified rule of mixtures [16] with the porosity volume fraction ( ≪ 1), the Young's modulus, the density and the Poisson's ratio for evenly (e) distributed porosities over the cross-section of the plate have the general forms:
The volume fraction of the ceramic part changes continually along the thickness and can be defined as [32] 
where is the power-law index of the material. A change in the power of functionally graded material results in a change in the portion of the ceramic and metal components in the circular plate. We assume that the composition is varied from the bottom surface ( = −ℎ/2) to the top surface ( = ℎ/2) of the circular plate. After substituting the variation of the ceramic part ( , ) from Eq. (3) into Eqs. (2), the material properties of the functionally graded circular plate with evenly distributed porosities are defined in the final form:
For the functionally graded circular plate with unevenly (u) distributed porosities [16] , the material properties in Eqs. (4) can be replaced by the following forms:
In this case the porosity linearly decrease to zero at the top and the bottom of the cross-section of the plate. The effect of Poisson's ratio is much less on the mechanical behavior of FGM plates [33, 34] than the Young's modulus, thus the Poisson's ratio will assume to be constant = = in the whole volume of the porous FGM circular plate.
Constitutive relations and governing equations
In most practical applications, the ratio of the radius to the thickness ℎ of the plate is more than 10, then the assumptions of classical plate theory (CPT) are applicable and rotary inertia and shear deformation can be successfully omitted. For a thin circular plate, the displacement field has the form:
where , and are the radial, circumferential and transverse displacements of the midplane ( = 0) of the plate at time . Based on the linear strain-displacement relations and Hook's law, the resultant forces and the moments for porous FGM circular plate ( = { , }) can be expressed in the following form [35] :
where
are the in-plane strains and curvatures of midplane, respectively. We assume that the material properties are varied from the bottom surface ( = −ℎ/2) to the top surface ( = ℎ/2) of the plate, then the coefficients of extensional stiffness , bending-extensional coupling stiffness and bending stiffness can be defined for FGM circular plate with i-th distribution of porosities in the general forms:
Additionally, the stiffness coefficients from Eqs. (9) satisfy the equations
The resultant forces and the moments can be also defined by
where the stress components and the strain components have the form:
Coupled equations of motion
Using the Hamilton's principle [35] and ignoring in-plane inertia forces, the equilibrium equations of motion of the porous FGM thin circular plate have the forms:
where the resultants forces and the moments can be obtain using Eqs. (7) and (8), and can be presented in the following form:
In Eq. (14c) is the averaged material density of the FGM circular plate for the i-th distribution of porosities presented in the general form:
Substituting Eqs. (15) and Eqs. (16) into Eqs. (14) , and using relations given in Eq. (10), we get the coupled equilibrium equations of motion of the porous FGM circular plate presented in terms of displacement components:
where ∇ = + + is the Laplace operator presented in polar coordinates and
Decoupled equation of motion
Eqs. (18) show, that the in-plane stretching and bending are coupled because the reference surface is a geometrical midplane. We can eliminate this coupling by introducing the physical neutral surface [26] , where the in-plane displacements will be omitted. The in-plane displacements of the midplane can be expressed in terms of the slopes of deflection in the following form:
where is the distance between the midplane and the physical neutral surface. By substituting Eqs. (20) into Eqs. (6) and Eqs. (15) and letting = , the in-plane displacements , and the in-plane forces , , must equal zero based on properties of the physical neutral surface. By substituting Eqs. (20) into Eqs. (15) presented in the following form:
and assuming that the Poisson's ratio is constant, distance can be obtained from relations:
By substituting Eqs. (20) and Eq. (23) into Eq. (19) and Eq. (18c), we obtain the decoupled equation of transverse vibration of the porous FGM thin circular plate in the form:
Formulation of the problem
For a harmonic solution, the non-axisymmetric deflection of the porous FGM circular plate may be expressed as follows:
where ( ) is the radial mode function as the small deflection compared with the thickness ℎ of the plate, is the integer number of diagonal nodal lines, is the angular coordinate, is the natural frequency. By substituting Eq. (26) into Eq. (24) using the dimensionless coordinate = / (0 < ≤ 1), the general governing differential equation assumes the following form:
where ℒ (•) is the differential operator defined by
The calculated general forms of material density and the coefficients of extensional stiffness , extensional-bending coupling stiffness and bending stiffness for the porous FGM circular plate are presented in the following general forms:
where = = 1 for the even distribution ( = ) of porosities and = 2, = 4 for the uneven ( = ) distribution of porosities. The extensional-bending coupling stiffness have the same form for both types of porosities. By substituting the obtained forms from Eqs. (29) into Eq. (27) , the generalized ordinary differential equation with variable coefficients is obtained as:
The boundary conditions on the outer edge ( = 1) of the porous FGM circular plate may be one of the following: clamped, simply supported, sliding supported and free. These conditions may be written in terms of the radial mode function ( ) in the following form:
 Simply supported:
 Sliding supported:
 Free:
The static forces ( ) and ( ) are the normalized radial bending moment and the normalized effective shear force, respectively.
Solution of the problem
The one multiparametric general solution of the defined differential equation (30) 
where ( ∈ ℕ ) is the number of nodal lines, , , , are the constants of integration,
are the Bessel functions as particular solutions of Eq. (30), is the generalized multiparametric function defined as:
The functions 
By applying the general solution (44) and the boundary conditions (37÷40) as well as assuming the existence of the non-trivial constants and , the general non-linear multiparametric characteristic equations of the FGM circular plate with the two various types of distribution of porosities were obtained in the form:
 Simply supported (SS):
 Sliding supported (S): 
After calculations, the final form of general solution for the perfect FGM circular plate is expressed as
The general solution for the perfect FGM circular plate with negligible effect of the coupling in-plane and transverse displacements was obtained in previous paper [30] in the form:
.
Parametric study
The every single fundamental and lower dimensionless frequencies of the free axisymmetric and non-axisymmetric vibrations of porous FGM circular plate were calculated for diverse values of the power-law index , the porosity volume fraction and different boundary conditions using the Newton method aided by calculation software MATHEMATICA v11. The Poisson's ratio is taken as = 0.3 and its variation is assumed to be negligible. In the present study, aluminum is taken as the metal and alumina is taken as the ceramic material. The values of Young's modulus and densities are taken as follows:
= 70 GPa, = 380 GPa, = 2702 kg/m 3 , = 3800 kg/m 3 .
Imperfect FGM circular plate
The obtained numerical results for the first three dimensionless frequencies = ℎ/ of the axisymmetric ( = 0) and non-axisymmetric ( = 1) vibrations of the perfect ( → 0) homogeneous ( → 0) circular plate with various boundary conditions are presented in Table 1 and compared with the results obtained by Wu and Liu [36] , Yalcin et al. [37] , Zhou et al. [38] , Duan et al. [39] . The obtained numerical results for the perfect homogeneous circular plate are in excellent agreement with those available in the literature. The calculated fundamental dimensionless frequencies of the axisymmetric ( = 0) and nonaxisymmetric ( = 1) vibrations of the FGM circular plate with evenly ( = ) and unevenly ( = ) distributed porosity are presented in Tables 2÷5. In the parametric study, values of the power-law index of FGMs is taken as = {0, 0.2, 0.4, 0.6, 1, 2, 3, 4, 5} and values of the porosity volume fraction is taken as = {0, 0.05, 0.1, 0.2, 0.3}.
The examples of dependences of the fundamental dimensionless frequencies of the free axisymmetric ( = 0) vibrations of the circular plate on selected values of the power-law index and the porosities volume fraction are presented in Figures 3÷6 for the two various types of distribution of porosity and the all considered boundary conditions.
Perfect FGM circular plate
The obtained general solution (48) and the defined boundary conditions (37÷40) were used to calculate the first three dimensionless frequencies of the axisymmetric ( = 0) and non-axisymmetric ( = 1) vibrations of the perfect ( = 0) FGM circular plate with various boundary conditions. (Table 6 and Table 7) were compared with the results presented in previous papers [28, 30] , where effect of the coupling inplane and transverse displacements was omitted.
The fundamental dimensionless frequencies of the perfect FGM circular plates with and without effect of the coupling in-plane and transverse displacements obtained for selected values of the powerlaw index and diverse boundary conditions are presented in Table 10 . Additionally, the differences (errors) between obtained results were calculated according to the equation:
where and are the fundamental dimensionless frequencies of the perfect FGM circular plate without and with effect of the coupling in-plane and transverse displacements, respectively. Tables (2÷5) show the following dependences:  the fundamental eigenfrequency of the axisymmetric and non-axisymmetric vibrations of the circular plate decreases with the increasing value of the power-law index for the two considered distributions of porosities and all considered values of the porosity volume fraction ;  for the evenly distributed porosities, the fundamental eigenfrequency of the axisymmetric and non-axisymmetric vibrations of the plate increases with the increasing value of the porosity volume fraction for ∈ [0, 0.4] and decreases for ∈ [0.6, 5];  for the unevenly distributed porosities, the fundamental eigenfrequency of the axisymmetric and non-axisymmetric vibrations of the plate increases with the increasing value of the porosity volume fraction for ∈ [0, 1] and decreases for ∈ [2, 5] ;  the influence of values of the porosity volume fraction on the values of the fundamental eigenfrequency of the axisymmetric and non-axisymmetric vibrations of the plate is smaller for the unevenly distributed porosities than for the evenly distributed porosities;  for the evenly distributed porosities, the fundamental eigenfrequency of the axisymmetric and non-axisymmetric vibrations of plate decreases faster for = 0.3 with the increasing values of the power-law index than for = {0, 0.1, 0.2};  for the unevenly distributed porosities, the fundamental eigenfrequency of the axisymmetric and non-axisymmetric vibrations of the plate decreases slowly with the increasing values of the powerlaw index for all considered values of the porosity volume fraction . The observed dependences exist because of the diverse influence of porosity distributions, values of the power-law index and the porosity volume fraction on decreasing (increasing) the ratios of mass to stiffness of the considered circular plates. The all observed dependences are independent of the considered boundary conditions which influence only the values of the dimensionless frequencies of the plate.
It can be observed that the values of dimensionless frequencies of the perfect FGM circular plates obtained by omitting the effect of coupling in-plane and transverse displacements are higher than the values of the dimensionless frequencies of the considered plate with the coupling effect. The differences (errors) between the calculated dimensionless frequencies of free axisymmetric and non-axisymmetric vibration of the perfect FGM circular plate with and without the coupling effect are significant for the power-law index ∈ [0, 20], but for ∈ [20, ∞] these differences decrease from 2% to 0%. It can be observed from Table 10 that the differences between the calculated dimensionless frequencies are independent of the modes of vibration and the boundary conditions of the considered circular plate.
Conclusions
This paper presents the influence of two different types of distribution of porosities on the free vibrations of the thin functionally graded circular plate with clamped, simply supported, sliding supported, and free edges. To this aim the boundary value problem was formulated and a solution was obtained in the exact closed form. The universal multiparametric characteristic equations were defined using the properties of the universal multiparametric general solution obtained for the plate with even and uneven distribution of porosities. The effect of the power-law index, the volume fraction index and diverse boundary conditions on the values of the dimensionless frequencies of the free axisymmetric and non-axisymmetric vibrations of the circular plate was comprehensively studied. Additionally, the effect of the power-law index and different boundary conditions on the values of dimensionless frequencies of the FGM circular plate without porosities was also presented. The obtained general solution of the differential equation will allow to study the influences of diverse additional complicating effects such as stepped thickness, cracks, additional elements expressed by only additional boundary conditions on the dynamic behavior of the perfect and porous functionally graded circular plates. This comprehensive investigation can be applied to predict the dynamic behavior of circular plates and to shape their dynamics in order to avoid resonance. The exact frequencies of vibration presented in non-dimensional form can serve as benchmark values for researchers and engineers to validate their analytical and numerical methods applied in design and analysis of porous functionally graded structural elements.
